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MULTIPLICATIVE ISOMETRIES ON THE SMIRNOV
CLASS
OSAMU HATORI AND YASUO IIDA
Abstract. We show that T is a surjective multiplicative (but not nec-
essarily linear) isometry from the Smirnov class on the open unit disk,
the ball, or the polydisk onto itself, if and only if there exists a holo-
morphic automorphism Φ such that T (f) = f ◦ Φ for every class el-
ement f or T (f) = f ◦ Φ for every class element f , where the auto-
morphism Φ is a unitary transformation in the case of the ball and
Φ(z1, . . . , zn) = (λ1zi1 , . . . , λnzin) for |λj | = 1, 1 ≤ j ≤ n and (i1, . . . , in)
is some permutation of the integers from 1 through n in the case of the
n-dimension polydisk.
1. Introduction
Linear isometries on the Smirnov class on the ball and the polydisk of
one and several complex variables were studied by Stephenson [4] and the
complete representation was given. A long tradition of inquiry seeks rep-
resentations of linear isometries not only on spaces of holomorphic func-
tions but on Banach spaces and Banach algebras, and in recent years lin-
earity for given isometries are sometimes not prerequisite. In this paper
we study multiplicative isometries on the Smirnov class on the polydisk
or on the open ball of n-complex variables for n ≥ 1. The space of
n-complex variables z = (z1, . . . , zn) is denoted by C
n. The unit poly-
disk {z ∈ Cn : |zj| < 1, 1 ≤ j ≤ n} is denoted by U
n and the distin-
guished boundary Tn is {z ∈ Cn : |zj| = 1, 1 ≤ j ≤ n}. The unit ball
{z ∈ Cn :
∑n
j=1 |zj |
2 < 1} is denoted by Bn and Sn its boundary. In this
paper X denotes the unit polydisk or the unit ball for n ≥ 1 and Γ denotes
Tn for X = Un and Sn for X = Bn. The normalized (in the sense that
σ(Γ) = 1) Lebesgue measure on Γ is denoted by dσ.
The Nevanlinna class N(X) on X is defined as the set of all holomorphic
functions f on X such that
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sup
0<r<1
∫
log+ |f(rz)|dσ(z) <∞
or equivalently
sup
0<r<1
∫
log(1 + |f(rz)|)dσ(z) <∞
hold. It is known that f ∈ N(X) has a finite nontangential limit, also
denoted by f , almost everywhere on Γ. The Smirnov class N∗(X) is defined
as the set of all f ∈ N(X) which satisfies the equality
sup
0<r<1
∫
log+ |f(rz)|dσ(z) =
∫
log+ |f(z)|dσ(z)
or equivalently
sup
0<r<1
∫
log(1 + |f(rz)|)dσ(z) =
∫
log(1 + |f(z)|)dσ(z).
Define a metric
d(f, g) =
∫
log(1 + |f(z)− g(z)|)dσ(z)
for f, g ∈ N∗(X). With the metric d(·, ·) the Smirnov class N∗(X) is an
F -algebra. Recall that an F -algebra is a topological algebra in which the
topology arises from a complete metric. For each 0 < p ≤ ∞, the Hardy
space is denoted by Hp(X) with the norm ‖ · ‖p, and H
p(X) is a subspace
of N∗(X), in particular, H
∞(X) is a dense subalgebra of N∗(X). The
convergence on the metric is stronger than uniform convergence on compact
subsets of X .
In this paper we consider surjective isometries on the Smirnov class, we do
not assume but prove the complex or conjugate linearity for these isometries.
2. The Results
Let α be a complex number with |α| = 1 and Φ a unitary transformation
for the case of X = Bn and Φ(z1, . . . , zn) = (λ1zi1 , . . . , λnzin), where |λj | =
1, 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1
through n. Then T (f) = αf ◦ Φ defines a complex-linear isometry from
N∗(X) onto itself (cf. [4, Corollary 2.3]). We also see that T (f) = αf ◦ Φ
defines a conjugate linear isometry from N∗(X) onto itself. In particular,
if α = 1, then these operators T ′s are multiplicative. We show that the
converse holds: multiplicative isometries on N∗(X) are of one of the forms
above. We do not assume linearity for these isometries and a crucial part of a
proof is to observe that they are complex or conjugate linear. If the Smirnov
class were a normed space, it could be much easier to handle by a direct
3application of the celebrated theorem of Mazur and Ulam for isometries
between normed linear spaces [3](cf. [5]). But it is not the case.
Proposition 2.1. Let n be a positive interger and let X be either Bn or
Un. Suppose that T : N∗(X) → N∗(X) is a surjective isometry. If T is 2-
homogeneous in the sense that T (2f) = 2T (f) holds for every f ∈ N∗(X),
then either of the following formulas holds:
(1) T (f) = αf ◦ Φ for every f ∈ N∗(X);
(2) T (f) = αf ◦ Φ for every f ∈ N∗(X),
where α is a complex number with the unit modulus and for X = Bn, Φ
is unitary transformation; for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . , λnzin),
where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the
integers from 1 through n.
Proof. A crucial part of a proof is to observe the linearity (complex or
conjugate) of T , but a difficulty comes from the fact that N∗(X) is not a
normed space. Instead of directing T on N∗(X) we consider the restrictions
of T on certain subspaces which is a normed space; we assert first that
T (HN(X)) = HN(X) for each 1 ≤ N ≤ ∞, then applying the Mazur-Ulam
theorem [3](cf. [5]) concerning to isometries between normed spaces and a
theorem of Ellis [1, Theorem] on isometries between uniform algebras to
observe that T is complex-linear or conjugate linear. Once the linearity is
established one can simply apply a theorem of Stephenson [4] to prove the
desired conclusion.
Let f, g ∈ H1(X). It requires only elementary calculation applying the
2-homogenuity of T to check that the equation∫
log(1 + |
f
2n
−
g
2n
|)dσ =
∫
log(1 + |
T (f)
2n
−
T (g)
2n
|)dσ
holds. In a way similar to the proof of Theorem 2.1 in [4] we see that
T (H1(X)) = H1(X) and the restricted map T |H1(X) is an isometry with
respect to the metric induced by the H1-norm ‖ · ‖1. Due to the Mazur-
Ulam theorem [3] T |H1(X) is a real-linear isometry since T (0) = 0, which is
observed by just letting f = 0 in the equation T (2f) = 2T (f).
For each positive integer N let the function θN on the set of the non-
negative real numbers be defined as
(2.1) θN(x) =
{
(−1)N
N+1
, x = 0(
log(1 + x)−
∑N−1
j=0
(−1)j
j+1
xj+1
)
/xN+1, x > 0.
Note that
∑N−1
j=0
(−1)j
j+1
xj+1 corresponds to the partial sum of the Taylar series
of log(1 + x) for |x| < 1. It is easy to check by a simple calculation that
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θN is continuous on x ≥ 0 and
(
(−1)NxN+1θN (x)
)′
= x
N
1+x
holds, hence the
inequality (−1)NθN (x) ≥ 0 holds for every x ≥ 0. We will make use of the
inequality (−1)NθN (x) ≥ 0 later in applying Fatou theorem.
We claim that equations T (HN(X)) = HN(X) and ‖f‖N = ‖T (f)‖N
hold for every positive integer N . We prove the two equations by induction
on N . We have already learnt that it is in the case for N = 1. Assume
that it is true that the two equations hold for N = 1, . . . , m. Suppose that
f ∈ Hm+1(X). Then f ∈ Hk(X) for every k = 1, . . . , m as Hp(X) ⊂ Hq(X)
for p ≥ q. We have already learnt that T is real-linear on H1(X), hence∫ |f |k
l
dσ =
∫ |T (f)|k
l
dσ holds as ‖f‖k = ‖T (f)‖k for every k = 1, . . . , m and
every positive integer l. Since T is isometric on N∗(X) and linear on H
1(X)
the equation
∫
log(1 + |f |
l
)dσ =
∫
log(1 + |T (f)|
l
)dσ is observed for every
positive integer l. Therefore
(−1)m
(∫
log(1 +
|f |
l
)dσ −
m−1∑
j=0
(−1)j
j + 1
∫
|f |j+1
l
dσ
)
= (−1)m
(∫
log(1 +
|T (f)|
l
)dσ −
m−1∑
j=0
(−1)j
j + 1
∫
|T (f)|j+1
l
dσ
)
holds for every positive integer l. It follows that
(2.2)∫
|f |m+1(−1)mθm(|f |
m/l)dσ =
∫
|T (f)|m+1(−1)mθm(|T (f)|
m/l)dσ.
Letting l → ∞ and applying the Lebesgue theorem on dominated conver-
gence to the left-hand side and the Fatou theorem to the right-hand side
we have ∫
|f |m+1(−1)mθm(0)dσ ≥
∫
|T (f)|m+1(−1)mθm(0)dσ.
Thus |T (f)|m+1 is integrable and letting l →∞ again in the equation (2.2)
and since θm(0) =
(−1)m
m+1
6= 0 we have that∫
|f |m+1dσ =
∫
|T (f)|m+1dσ
by the Lebesgue theorem on dominated convergence in both sides at this
time. We conclude that T (Hm+1(X)) ⊂ Hm+1(X) and ‖f‖m+1 = ‖T (f)‖m+1
hold. Conversely Hm+1(X) ⊂ T (Hm+1(X)) holds in a way similar to the
above.
Since dσ is a finite measure we verify that
lim
m→∞
‖f‖m = ‖f‖∞
5holds for every f ∈ H∞(X). Since ‖f‖m = ‖T (f)‖m for every f ∈ H
∞(X)
and limm→∞ ‖T (f)‖m = ‖T (f)‖∞ we see that T (f) ∈ H
∞(X) and ‖f‖∞ =
‖T (f)‖∞ for every f ∈ H
∞(X). In a way similar we see that f ∈ H∞(X)
if T (f) is in H∞(X). Thus T |H∞(X) is a surjective isometry with respect
to ‖ · ‖∞ from H
∞(X) onto itself. Since we may suppose that H∞(X)
is a uniform algebra on the maximal ideal space and the maximal ideal
space is connected by the Sˇilov idempotent theorem, we see that T |H∞(X)
is complex-linear or conjugate linear (i.e. T (αf + g) = αT (f) + T (g) for
f, g ∈ H∞(X)) by a theorem of Ellis [1, Theorem].
Suppose that T |H∞(X) is complex-linear. Then T is complex-linear on
N∗(X) since H
∞(X) is dense in N∗(X) and the convergence in the original
metric is stronger than uniform convergence on compact subets of X . It
follows by Corollary 2.3 in [4] that the first fomula of the conclusion is
satisfied.
Suppose that T |H∞(X) is a conjugate linear map. Then T is conjugate
linear on N∗(X) as before. Define a map T˜ : N∗(X)→ N∗(X) by
T˜ (f)(z1, . . . , zn) = T (f(z1, . . . , zn))
for f ∈ N∗(X). Then T˜ is complex-linear isometry from N∗(X) onto itself.
Applying Corollary 2.3 in [4] to T˜ we see that T is represended by the second
formula of the conclusion. 
We say a map T : N∗(X)→ N∗(X) is multiplicative if T (fg) = T (f)T (g)
for every f, g ∈ N∗(X). In this section we characterize multiplicative
isometries from N∗(X) onto itself. Let Φ be a unitary transformation for
X = Bn and for X = U
n Φ(z1, . . . , zn) = (λ1zi1 , . . . , λnzin), where |λj| = 1,
1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1
through n. Then T (f) = f ◦Φ defines a complex-linear multiplicative isom-
etry from N∗(X) onto itself and T (f) = f ◦ Φ defines a conjugate linear
multiplicative isometry from N∗(X) onto itself. We show that they are only
muliplicative isometries from N∗(X) onto itself.
Theorem 2.2. Let T be a multiplicative (not necessarily linear) isometry
from N∗(X) onto itself. Then there exists a holomorphic automorphism Φ
on X such that either of the following holds:
(1) T (f) = f ◦ Φ for every f ∈ N∗(X);
(2) T (f) = f(Φ) for every f ∈ N∗(X),
where Φ is unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . , λnzin)
for X = Un, where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some
permutation of the integers from 1 through n.
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Proof. First we claim that T (1) = 1 since T (1) = T (1)2 and T (1) is a
holomorphic function on a connected open set X . Next we show T (2) = 2.
Put r = 1
2
. Suppose that |T (r)| > r on a set of positive measure on Γ,
where T (r) here is considered as the nontangential limit on Γ. Then there
exists a subset E of positive measure and ε > 0 with |T (r)| ≥ (1 + ε)r on
E. Since limn→∞
log(1+(1+ε)nrn)
log(1+rn)
=∞, there is a positive integer n0 with∫
E
log(1 + (1 + ε)n0rn0)dσ >
∫
log(1 + rn0)dσ.
Thus∫
log(1 + rn0)dσ =
∫
log(1 + |T (r)|n0)dσ
≥
∫
E
log(1 + (1 + ε)n0rn0)dσ >
∫
log(1 + rn0)dσ,
which is a contradiction proving |T (r)| ≤ r. Hence |T (1
r
)| ≥ 1
r
holds as
T (r)T (1
r
) = T (1) = 1. Since
log(1 +
1
r
) =
∫
log(1 +
1
r
)dσ =
∫
log(1 + |T (
1
r
)|)dσ
we have that |T (1
r
)| = 1
r
and |T (r)| = r. Since log(1 + (1 − r)) = d(r, 1) =
d(T (r), 1) and d(T (r), 1) =
∫
log(1 + |1 − T (r)|)dσ it is easy to check that
T (1
2
) = 1
2
, hence T (2) = 2 for T (2)T (1
2
) = 1. We have observed that T is a
surjective isometry which satisfies T (2f) = 2T (f) as T is multiplicative. It
follows by Proposition 2.1 that
T (f) = αf ◦ Φ, f ∈ N∗(X),
or
T (f) = αf(Φ), f ∈ N∗(X),
hold for a complex number α and the holomorphic automorphism Φ as
described in Proposition 2.1. The constant α = 1 is observed as T (1) = 1,
hence the conclusion holds. 
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